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Abstract—Layered medium Green’s functions (LMGFs) are
calculated for a multilayered medium including graphene-like
atomically thin layered materials. A spectral integral method
(SIM) implemented with LMGFs is used as an exact radiation
boundary condition to truncate the computational domain in the
finite element method (FEM) to form a hybrid SIM/FEM which is
applicable to arbitrary inhomogeneous objects. Numerical studies
confirm the accuracy of the method.

I. INTRODUCTION

Graphene has gathered a strong interest both from the
research community and industry in the last decade due to
its unique electrical and mechanical properties [1]–[9]. It has
already found different roles in a wide range of applications
including optical modulators [3], transistors [4], p-n junctions
[5], sensors [6], waveguides [7], transformation optics [8],
LEDs, photodetectors, absorbers, frequency converters, and
many other subjects [9]. Similar efforts can be found in
the literature for other graphene-like atomically thin layered
materials (ATLMs) including nitrides (e.g., hexagonal boron
nitride), dichalcogenides (e.g., molybdenum sulfide) and ox-
ides (e.g., vanadium pentoxide).

Although the interest on ATLMs is enormous, there are
only a limited number of efforts from the computational
electromagnetic community. One of the main reasons behind
this lack of response is the use of two-dimensional (2D) optical
conductivity (σc) to represent ATLMs. Such material modeling
requires a special boundary condition wherever the graphene
layer is present. Alternatively, 2D optical conductivity can be
converted to an effective complex electrical permittivity (εeff )
and the ATLM can be treated as a 3D material with εeff and a
finite thickness. These two approaches are labeled as 2D and
3D, respectively, in the rest of the paper.

In this work, electromagnetic wave propagation through and
scattering from 2D inhomogeneous objects embedded in a
multilayered medium, which includes an ATLM, is solved
with a hybrid spectral integral method (SIM) - finite ele-
ment method (FEM). First, layered medium Green’s functions
(LMGFs) are calculated using modified Fresnel reflection and
transmission equations in order to take ATLM into account.
Second, SIM implemented with LMGFs is used as an exact

radiation boundary condition to truncate the computational
domain in the FEM to form a hybrid SIM/FEM which is ap-
plicable to arbitrary inhomogeneous objects. Numerical results
compare the accuracy two SIM/FEM solvers implemented
with σc and εeff for the treatment of ATLM.

II. THEORY

Consider a general multilayer medium consisting of N
layers separated by N − 1 planar interfaces parallel to the
xy plane, as shown in Fig. 1. Layer i exists between zi and
zi−1 and is characterized by relative electrical permittivity εi
and relative magnetic permeability µi. The top surface of the
ith interface is coated with an ATLM.
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Fig. 1. An N -layer medium with two scatterers and an ATLM on top of the
ith interface. Dashed blue line represents an artificial boundary.

Assume there are two homogeneous cylindrical objects
embedded in the multilayered medium, represented by εdm
and µdm, where m is either 1 or 2 in Fig. 1, but m can be an
arbitrary number.

In order to solve the electromagnetic wave propagation
through and scattering from this structure, an artificial bound-
ary, D, is applied to truncate the scatterers from the layered
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medium. Then, a boundary integral equation on the outside
of D is obtained from the 2D Helmholtz equations for the
scalar field Ez for the TMz case (and Hz for the TEz
case) by approximating the unknown field and its derivative
by truncated Fourier series [14], [15]. The singular terms
in the Green’s functions and the non-smooth terms in their
derivatives are handled appropriately [15] to maintain high
accuracy of SIM.

For the FEM solution of TMz case, interior region is
discretized into triangular elements and linear pyramid basis
functions are used to expand the electric field Ez(x, y) in
the interior and triangular basis function is used to expand
the boundary value ∂Ez/∂n on D. Additional conditions are
provided by the radiation boundary condition. In order to use
the SIM as a radiation boundary condition for the FEM, we
need to relate the electric field and its normal derivative on
the boundary D. The pyramid basis expansion coefficients
are obtained by the Fourier coefficients of electric field and
its normal derivative on the boundary through trigonometric
interpolation [14]. The final set of equations can be solved with
a straightforward matrix inversion to obtain electric field and
its normal derivative on the boundary D. A similar procedure
can be followed for the TEz case.

In order to take the ATLM into account, one might either
follow the 3D approach (by using εeff and a finite thickness)
or the 2D approach by using σc only to represent the ATLM.
For the latter case, the Fresnel reflection coefficients for TM
and TE waves from the interface between the layer i and layer
i+ 1 should be modified as follows [12]

RTMi,i+1 =
εi+1kz,i − εikz,i+1 − jkz,ikz,i+1σc/ω

εi+1kz,i + εikz,i+1 − jkz,ikz,i+1σc/ω
, (1)

RTEi,i+1 =
µi+1kz,i − µikz,i+1 − jσcω

µi+1kz,i + µikz,i+1 + jσcω
. (2)

respectively, where k2
z,i = k2

i − k2
ρ, ki is the wave-number of

layer i, kρ is the radial wave-number (integration variable of
the Sommerfeld integrals).

III. NUMERICAL RESULTS

Assume, there are two gold rectangular cylinders on top of a
graphene coated Si/SiO2 substrate. First cylinder is 90 nm ×30
nm and centered at (-55, 15) nm. Second cylinder is 40 nm
×30 nm and centered at (30,15) nm. The scatterers are excited
with a TMz plane wave with a wavelength of 633 nm, incident
normally to the interface. The relative permittivity of SiO2 and
Si are taken as 2.5 and 12-j0.0005, respectively. SiO2 layer is
285 nm thick. Conductivity of graphene calculated by using
the method provided in [13]. Complex electric permittivity of
gold is -9.81-j1.96 based on the experimental results provided
[16]. There are 11 receivers linearly spaced along z = 50
nm from x = −100 nm to x = 100 nm. Fig. 2 compares
the magnitude of total electric field at the receivers for two
different chemical potential values (µc = 0 and 0.6 eV).
These 2D results agree well with the 3D approach. Details
and some discussions on the periodic case will be provided at
the conference.
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Fig. 2. Blue and red lines show the magnitude of the total electric field (Ez)
for µc = 0 and µc = 0.6 eV, respectively.

REFERENCES

[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S.
V. Dubonos, I. V. Grigorieva, and A. A. Firsov, “Electric Field Effect in
Atomically Thin Carbon Films,” Science, vol. 306, no. 5696, pp. 666–669,
Oct. 2004.

[2] A. K. Geim, K. S. Novoselov, “The rise of graphene,” Nature Materials,
vol. 6, no. 3, pp. 183–191, Mar. 2007.

[3] C. Ye, K. Sikandar, Z. Li, E. Simsek, V. J. Sorger, “λ-Size ITO and
Graphene-based Electro-optic Modulators on SOI” to appear on IEEE
Journal of Selected Topics in Quantum Electronics, 2014.

[4] F. Schwierz, “Graphene transistors,” Nature Nanotechnol., vol. 5, no. 7,
pp. 487–496, Jul. 2010.

[5] V. V. Cheianov, V. Falko, B. L. Altshuler, “The focusing of electron flow
and a Veselago lens in graphene p-n junctions,” Science, vol. 315, no.
5816, pp. 1252–1255, Mar. 2007.

[6] E. Simsek, “Improving the Tuning Range and Sensitivity of Localized
Surface Plasmon Resonance Sensors with Graphene,” IEEE Photonics
Technology Letters, vol. 25, no. 9, pp. 867–870, May 2013.

[7] Z. Lu and W. Zhao, “Nanoscale electro-optic modulators based on
graphene-slot waveguides,” J. Opt. Soc. Am. B, vol. 29, no. 6, pp. 1490–
1496, June 2012.

[8] A. Vakil and N. Engheta, “Transformation Optics Using Graphene,”
Science, vol. 332, no. 6035, pp. 1291–1294, Jun. 2011.

[9] F. Bonaccorso, Z. Sun, T. Hasan, A. Ferrari, “Graphene photonics and
optoelectronics,” Nature Photon., vol. 4, no. 9, pp. 611–622, Aug. 2010.

[10] W. C. Chew, Waves and Fields in Inhomogeneous Media. Piscataway,
NJ: IEEE Press, 1995.

[11] E. Simsek, Q. H. Liu, and B. Wei, “Singularity subtraction for evaluation
of Green’s functions for multilayer media,” IEEE Trans. Microwave
Theory Tech. , vol. 54, no. 1, pp. 216–225, Jan. 2006.

[12] E. Simsek, “Graphene in Layered Medium Applications” Microwave
and Optical Technology Letters, vol. 55, no. 10, pp. 2293–2296, Oct.
2013.

[13] E. Simsek “A Closed-Form Approximate Expression for the Optical
Conductivity of Graphene,” Optics Letters, vol. 38, no. 9, pp. 1437–1439,
May 2013.

[14] E. Simsek, J. Liu, and Q. H. Liu, “A Spectral Integral Method and
Hybrid SIM/FEM for Layered Media,” IEEE Trans. Microwave Theory
Tech. , vol. 54, no. 11, pp. 3878-3884, Nov. 2006.

[15] E. Simsek, J. Liu, and Q. H. Liu, “A Spectral Integral Method (SIM)
for Layered Media,” IEEE Trans. Antennas Propag. , vol. 54, issue 6,
pp. 1742-1749, June 2006.

[16] D. Rakic, A. B. Djurisic, J. M. Elazar and M. L. Majewski, “Optical
properties of metallic films for vertical-cavity optoelectronic devices,”
Appl. Opt., vol. 37, pp. 5271–5283, 1998.

2123

Authorized licensed use limited to: University of Maryland Baltimore Cty. Downloaded on February 20,2023 at 04:29:25 UTC from IEEE Xplore.  Restrictions apply. 


