
Bounded Query Functions with Limited Output Bits

Richard Chang†‡

chang@umbc.edu

Jon S. Squire†

squire@umbc.edu

University of Maryland Baltimore County

Abstract

This paper explores the difference between parallel
and serial queries to an NP-complete oracle, SAT, from
the perspective of functions with a limited number of
output bits. For polynomial-time bounded query lan-
guage classes, which can be considered as functions
with 1-bit output, previous work has shown that 2 se-
rial queries to SAT is equivalent to 3 parallel queries
to SAT. In contrast, for function classes with no limit
on the number of output bits, previous work has shown
that there exists a function that can be computed in
polynomial time using 3 parallel queries to SAT, but
cannot be computed using 2 serial queries to SAT, un-
less P = NP. The results in this paper show that there
exists a function with 2-bit output that can be computed
using 3 parallel queries to SAT, but cannot be computed
using 2 serial queries to SAT, unless the Polynomial
Hierarchy collapses.

1. Introduction

An important topic in the study of bounded query
classes is the difference between parallel and serial ora-
cle access mechanisms. When an oracle Turing ma-
chine uses the parallel oracle access mechanism, all
of the queries to the oracle are asked simultaneously.
Then, the oracle’s replies are given as a bit-vector. In
contrast, when a Turing machine makes serial queries,
the queries can depend on the replies to the previ-
ous queries. The difference between parallel and serial
queries also highlights the difference between bounded
query language and function classes. For example, for
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language classes, for all constants k, there is a tight
equivalence between parallel and serial queries to an
NP-complete language (e.g., SAT) [5]:

PSAT[k] = PSAT‖[2k−1]. (1)

This equality is proven using the mind change tech-
nique. On the other hand, for bounded query function
classes, while it is trivial to show that

PFSAT[k] ⊆ PFSAT‖[2k−1],

we also know that [7]

PFSAT[k] = PFSAT‖[2k−1] =⇒ P = NP. (2)

The proof in this case is based upon the following
enumerability argument. Consider the function χSAT

2k−1
which, on input F1, . . . , F2k−1, outputs a string with
2k−1 bits where the ith bit is 1 if and only if Fi ∈ SAT.
Clearly, χSAT

2k−1 can be computed by a PFSAT‖[2k−1] ma-
chine. However, a PFSAT[k] machine has only 2k possi-
ble outputs which cannot include all of the 22k−1 pos-
sible values of χSAT

2k−1. The enumerability argument ex-
ploits the fact that some possible values of χSAT

2k−1 are
missing from the list of possible outputs of a PFSAT[k]

machine to collapse NP down to P [7].
The results stated in (1) and (2) leave us in a bit of

confusion because we cannot say outright that 2k − 1
parallel queries are stronger than k serial queries. This
is only true for functions and not languages. And even
in the case of function classes it is not clear if the rea-
son that PFSAT[k] = PFSAT‖[2k−1] =⇒ P = NP is due
to enumerability or the hardness of SAT. In particu-
lar, the enumerability argument described above can
be used to show that for any oracle X (even nonrecur-
sive ones), χSAT

2k−1 ∈ PFX[k] =⇒ P = NP.
In this paper, we revisit the issue of parallel versus

serial queries by considering functions that have a lim-
ited number of output bits. Let PFSAT[k]

r denote the



class of functions computable by PFSAT[k] machines
that output at most r bits and let PFSAT‖[k]

r be the
analogous class for parallel queries. Since PFSAT[k]

1 and
PFSAT‖[k]

1 machines are essentially language recogniz-
ers, by (1):

PFSAT[k]
1 = PFSAT‖[2k−1]

1 .

Also, since χSAT
2k−1 has 2k − 1 bits of output, by (2):

PFSAT[k]

2k−1
= PFSAT‖[2k−1]

2k−1
=⇒ P = NP.

So, what about PFSAT[k]
j versus PFSAT‖[2k−1]

j for values
of j greater than 1 and less than 2k − 1? Can the two
classes be equal? Would equality imply that P = NP?

The main result in this paper shows that,

PFSAT[2]
2 = PFSAT‖[3]

2 =⇒ PH ⊆ ΣP
3 .

In contrast, for machines limited to 1 bit of output
we already know that PFSAT[2]

1 = PFSAT‖[3]
1 [5] and

for machines limited to 3 bits of output PFSAT[2]
3 =

PFSAT‖[3]
3 =⇒ P = NP [7].
The main result is interesting for two reasons. First

of all, a PFSAT[2]
2 machine can enumerate all 4 possi-

ble outputs of a two bit function (namely, 00, 01, 10
and 11). Thus, we cannot directly use any of the proof
techniques based upon enumerability [1, 2, 5, 7, 11].
In particular, there does exist an oracle X such that
PFSAT‖[3]

2 ⊆ PFX[2]
2 . Recall that for functions with un-

limited output bits, PFSAT‖[3] ⊆ PFX[2] for any oracle
X would imply that P = NP. Secondly, the function
Q32, which we use to spite PFSAT[2]

2 machines, is not
known to be complete for PFSAT‖[3]

2 . In fact, we would
conjecture that Q32 is not complete for PFSAT‖[3]

2 . Fur-
thermore, we spite PFSAT[2]

2 machines not by giving it
hard instances of Q32. Instead, we use instances of Q32

for which a PFSAT[2]
2 machine can produce the correct

answer. By forcing the machine to behave properly on
these easy instances, we gain enough leverage on the
machine’s behavior on harder instances and thus are
able to show that PH collapses if Q32 ∈ PFSAT[2]

2 .
Our proof techniques can be generalized to show

that for all j, k and 
 such that 1 < j ≤ k < 
 ≤ 2k−1,
if 2k − (
+ 1) < 2j − 2 and 2k − (
+ 1) < 
− 1, then

PFSAT‖[�]
j ⊆ PFSAT[k]

j =⇒ PH ⊆ ΣP
3 .

In the general case, we consider PFSAT‖[�]
j ⊆ PFSAT[k]

j

rather than PFSAT‖[�]
j = PFSAT[k]

j because for 
 <

2k − 1, it is already known that PFSAT[k]
j ⊆ PFSAT‖[�]

j

implies a collapse of the Boolean Hierarchy which in
turn collapses PH.

2. Preliminaries

In this section we discuss the definitions and notation
used in this paper as well as prior results needed to
prove the main theorem. We assume the reader is fa-
miliar with the standard definitions in computational
complexity theory (q.v. [3, 4, 13]). We begin with the
notation for various bounded query classes.

Definition 1

• Let PA[k] denote the class of languages recognized by
polynomial-time oracle Turing machines which ask
at most k serial queries to the oracle A.

• Let PA‖[k] denote the class of languages recognized
by polynomial-time oracle Turing machines which
ask at most k parallel queries to the oracle A.

• Let PFA[k] denote the class of functions computed
by polynomial-time oracle Turing machines which
ask at most k serial queries to the oracle A.

• Let PFA‖[k] denote the class of functions computed
by polynomial-time oracle Turing machines which
ask at most k parallel queries to the oracle A.

• Let PFA[k]
j be the subset of PFA[k] consisting of

those functions that output at most j bits.

• Let PFA‖[k]
j be the subset of PFA‖[k] consisting of

those functions that output at most j bits.

Figure 1 shows the possible computation paths of a
PFSAT[2]

2 machine M on input x. This diagram is called
the oracle query tree for the computation of M(x). We
establish the convention that the computation path in
an oracle query tree proceeds to the left when the or-
acle replies no. This allows us to define the sequence
of possible outputs for a PFA[k] computation M(x) to
be the left-to-right ordering of the outputs at each leaf
of the oracle query tree. We will also use Out(M,x)
to denote this sequence of possible outputs. We define
the true path in an oracle query tree to be the path
taken using the correct replies from the oracle. Given
a specific path in the oracle query tree, we say that a
query string qi is a positive query relative to the path
if the path assumes that qi ∈ SAT — i.e., the path
proceeds to the right after the query node qi. When
the number of serial queries is bounded by O(log n) we
can compute the sequence of possible outputs in poly-
nomial time using no oracle queries simply by trying
all possible replies from the oracle.
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Figure 1: The oracle query tree of a PFSAT[2]
2 computation. The sequence of possible outputs, Out(M,x), is

defined as 〈00, 01, 11, 10〉.

Definition 2 For constant k, we define the languages
BLk, coBLk and ODDSAT

k as follows:

BL1 = SAT

BL2k = { 〈x1, . . . , x2k〉 |
〈x1, . . . , x2k−1〉 ∈ BL2k−1 and x2k ∈ SAT }

BL2k+1 = { 〈x1, . . . , x2k+1〉 |
〈x1, . . . , x2k〉 ∈ BL2k or x2k+1 ∈ SAT }

coBLk = { 〈x1, . . . , xk〉 | 〈x1, . . . , xk〉 ∈ BLk }

ODDSAT
k = { 〈x1, . . . , xk〉 |
‖{i | (1 ≤ i ≤ k) ∧ (xi ∈ SAT)}‖ is odd }

Definition 3 We say that a sequence of Boolean for-
mulas 〈F1, . . . , Fk〉 is nested if for all i, 2 ≤ i ≤ k,

Fi ∈ SAT =⇒ Fi−1 ∈ SAT.

The language BLk is ≤P
m -complete for the kth level

of the Boolean Hierarchy [8, 9]. In our proof of the main
theorem, we will work with BL3 and coBL3 which can
also be defined directly as:

BL3 = (SAT ∧ SAT) ∨ SAT =

{〈F1, F2, F3〉 | (F1 ∈ SAT ∧ F2 ∈ SAT) ∨ F3 ∈ SAT}

coBL3 = (SAT ∨ SAT) ∧ SAT =

{〈F1, F2, F3〉 | (F1 ∈ SAT ∨ F2 ∈ SAT) ∧ F3 ∈ SAT}.

Note that 〈F1, . . . , Fk〉 ∈ BLk if and only if the largest
i such that Fi ∈ SAT is odd. Thus, if a sequence
〈F1, . . . , Fk〉 is nested,

〈F1, . . . , Fk〉 ∈ BLk ⇐⇒ 〈F1, . . . , Fk〉 ∈ ODDSAT
k .

Given any sequence of formulas 〈F1, . . . , Fk〉, we can
construct a nested sequence 〈F ′1, . . . , F ′k〉 in polynomial
time such that

〈F1, . . . , Fk〉 ∈ BLk ⇐⇒ 〈F ′1, . . . , F ′k〉 ∈ BLk.

Simply let F ′j = Fj ∨ · · · ∨ Fk. For the rest of the
paper, we use the convention that 〈F ′1, . . . , F ′k〉 de-
notes the nested version of 〈F1, . . . , Fk〉. Thus, for all
〈F1, . . . , Fk〉 (even non-nested sequences),

〈F1, . . . , Fk〉 ∈ BLk ⇐⇒ 〈F ′1, . . . , F ′k〉 ∈ ODDSAT
k .

Definition 4 The function Q32 takes as input three
Boolean formulas 〈F1, F2, F3〉 and produces two bits
of output ab. The first bit a is 1 if and only if
〈F1, F2, F3〉 ∈ BL3. The second bit b is 1 if and only if
〈F1, F2, F3〉 ∈ ODDSAT

3 .

We will use the function Q32 to spite PFSAT[2]
2

machines. Note that Q32 is easily computable by a
PFSAT‖[3]

2 machine. We simply ask the SAT oracle
in parallel if each of F1, F2 and F3 is a member of
SAT and determine whether 〈F1, F2, F3〉 ∈ BL3 and
〈F1, F2, F3〉 ∈ ODDSAT

3 using the reply from the ora-
cle. On the other hand, there is no obvious way for
a PFSAT[2]

2 machine to compute Q32. A PFSAT[2]
2 ma-

chine can compute each bit of Q32, but there is no ob-
vious way to compute both bits using 2 serial queries
to SAT. One difference between Q32(F1, F2, F3) and
χSAT

3 (F1, F2, F3) is that both bits of Q32 depend on
all three formulas whereas the ith bit of χSAT

3 depends
only on Fi. We will show in the next section that the
assumption that Q32 ∈ PFSAT[2]

2 is enough to collapse
the Polynomial Hierarchy (PH).

Suppose that 〈F1, F2, F3〉 is a nested sequence. Then
the output ofQ32(F1, F2, F3) can only be 00 or 11. This
is due to the observation we made above that for nested
sequences:

〈F1, F2, F3〉 ∈ BL3 ⇐⇒ 〈F1, F2, F3〉 ∈ ODDSAT
3 .

Thus, a PFSAT[2]
2 machine can compute the value of

Q32(F1, F2, F3) when 〈F1, F2, F3〉 is nested, since the
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Figure 2: A PFSAT[2]
1 computation with possible output sequence Out(M, 〈F1, F2, F3〉) = 〈0, 1, 1, 0〉.

first and second bits are equal. One would think that
a proof that Q32 ∈ PFSAT[2]

2 =⇒ PH collapses should
avoid nested sequence entirely. However, the proof of
our main theorem does the exact opposite, as we shall
see in the next section.

To prove our main theorem, we will also need the
following lemmas:

Lemma 5 If BL3≤P/poly
m coBL3, then PH ⊆ ΣP

3 .

Proof Sketch: We can use any of several proofs that a
collapse of the Boolean Hierarchy implies the collapse
of PH [6, 10, 12, 15]. Using any of these proofs, we
would get

BL3≤P
m coBL3 =⇒ SAT ∈ NP/poly.

In our application, the reduction from BL3 to coBL3

is by a polynomial-time function which has polynomial
advice. Since the advice for the reduction can also be
given to the NP machine computing SAT. We still get

BL3≤P/poly
m coBL3 =⇒ SAT ∈ NP/poly.

Then, PH collapses to ΣP
3 by Yap’s theorem [17]. ✷

Lemma 6 Let M be a PFSAT[2]
1 machine. Suppose

that for some 〈F1, F2, F3〉 we know that

M(F1, F2, F3) = 1 ⇐⇒ 〈F1, F2, F3〉 ∈ BL3.

Furthermore, suppose that the sequence of possible
outputs, Out(M, 〈F1, F2, F3〉), is not 〈0, 1, 0, 1〉. Then,
we can construct 〈G1, G2, G3〉 in time polynomial in the
running time of M(F1, F2, F3) such that

〈F1, F2, F3〉 ∈ BL3 ⇐⇒ 〈G1, G2, G3〉 ∈ coBL3.

Proof Sketch: The proof of this lemma is implicit
in the original work of Wagner and Wechsung on the
Boolean Hierarchy [16]. From their results, one can
show that any PFSAT[2]

1 computation can be reduced
to one of BL1, coBL1, BL2, coBL2, BL3 and coBL3

depending on the number and type of mind changes
made in the sequence of possible outputs of the ora-
cle query tree. The only sequence that corresponds
to BL3 is 〈0, 1, 0, 1〉. In the remaining cases when the
possible output sequence is not 〈0, 1, 0, 1〉, the compu-
tation of M(F1, F2, F3) can be reduced to coBL3, since
BL1, coBL1, BL2, coBL2 all reduce to coBL3. We pro-
vide the proof of one of these cases and leave the rest
to the reader.

Consider the PFSAT[2]
1 computation in Figure 2. Us-

ing the queries q1, q2 and q3 in the oracle query tree,
we define the following sequence of Boolean formulas:

p0 = TRUE, p1 = q2

p2 = q1, p3 = q1 ∧ q3.

The general pattern here is that pi is the conjunction
of the positive queries relative to path i in the oracle
query tree, where the paths are numbered from left
to right. In general, path i is the true path if and
only if pi is satisfiable and for all j > i, pj is unsat-
isfiable. Next we turn 〈p0, p1, p2, p3〉 into a nested se-
quence 〈p′0, p′1, p′2, p′3〉:

p′0 = TRUE, p′1 = q2 ∨ q1 ∨ (q1 ∧ q3)
p′2 = q1 ∨ (q1 ∧ q3), p′3 = q1 ∧ q3.

By hypothesis, 〈F1, F2, F3〉 ∈ BL3 if and only if
M(F1, F2, F3) = 1. Since M(F1, F2, F3) outputs 1 only
on path 1 and path 2, 〈F1, F2, F3〉 ∈ BL3 if and only if
the index of the true path is in the half-open interval
[1, 3). This happens exactly when p′1 ∈ SAT and p′3 ∈
SAT. Thus, the computation of M(F1, F2, F3) reduces
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to BL2. More explicitly, we can define 〈G1, G2, G3〉
by G1 = TRUE, G2 = p′1, and G3 = p′3. Then,
〈F1, F2, F3〉 ∈ BL3 if and only if 〈G1, G2, G3〉 ∈ coBL3.

✷

3. Main Theorem

Theorem 7 (Main Theorem)
PFSAT[2]

2 = PFSAT‖[3]
2 =⇒ PH ⊆ ΣP

3 .

Proof: Since PFSAT[2]
2 ⊆ PFSAT‖[3]

2 trivially and since
Q32 ∈ PFSAT‖[3]

2 , it suffices to show that Q32 ∈
PFSAT[2]

2 implies PH ⊆ ΣP
3 . Let M be a PFSAT[2]

2

machine that computes Q32. Our goal is to con-
struct a P/poly reduction h from BL3 to coBL3. Then
by Lemma 5, PH collapses to ΣP

3 as desired. Let
〈F1, F2, F3〉 be an instance of the input to h. Our
first step is construct the nested version of 〈F1, F2, F3〉,
namely:

F ′1 = F1 ∨ F2 ∨ F3, F ′2 = F2 ∨ F3, and F ′3 = F3.

Recall that

〈F1, F2, F3〉 ∈ BL3

⇐⇒ 〈F ′1, F ′2, F ′3〉 ∈ BL3

⇐⇒ 〈F ′1, F ′2, F ′3〉 ∈ ODDSAT
3 .

Now consider Out(M, 〈F ′1, F ′2, F ′3〉) the sequence of
possible outputs. Since M is a PFSAT[2]

2 machine
and 〈F ′1, F ′2, F ′3〉 is nested, M can compute the value
of Q32(F ′1, F ′2, F ′3) which is either 00 or 11. The
most obvious way of doing so is to ask the SAT or-
acle whether F ′2 is satisfiable. If so, check F ′3; oth-
erwise, F ′1. The obvious algorithm for computing
Q32(F ′1, F

′
2, F

′
3) gives us an oracle query tree with

possible output sequence 〈00, 11, 00, 11〉. Since we
have no control over M ’s strategy, it is possible that
Out(M, 〈F ′1, F ′2, F ′3〉) = 〈00, 11, 00, 11〉. However, in
that case, the sequence of either the first or the second
bits of Out(M,〈F ′1, F ′2, F ′3〉) is not 〈0, 1, 0, 1〉. Then by
Lemma 6, we can immediately construct 〈G1, G2, G3〉
such that

〈F1, F2, F3〉 ∈ BL3 ⇐⇒ 〈G1, G2, G3〉 ∈ coBL3,

and we would be done. Thus, we can assume that
Out(M, 〈F ′1, F ′2, F ′3〉) = 〈00, 11, 00, 11〉 — that is, M
must behave nicely on the easy instances of Q32. For
the harder instances, we need the help of an advice
function to construct 〈G1, G2, G3〉.

Before we define the advice function, let us first see
how the advice might help us. Suppose that we are
given, among other things, a formula H by the advice

function and are also told whether H ∈ SAT. Now,
consider the behavior of M on input 〈F ′1 ∧H,F ′2, F ′3〉.
There are three possible cases to consider.

Case 1: If H ∈ SAT, then 〈F ′1 ∧H,F ′2, F ′3〉 is still a
nested sequence. In fact, we have

〈F1, F2, F3〉 ∈ BL3

⇐⇒ 〈F ′1 ∧H,F ′2, F ′3〉 ∈ BL3

⇐⇒ 〈F ′1 ∧H,F ′2, F ′3〉 ∈ ODDSAT
3 .

Thus, Out(M,F ′1 ∧ H,F ′2, F ′3) would still have to be
〈00, 11, 00, 11〉 or we win by Lemma 6 as before.

Case 2: Now, suppose that H ∈ SAT and that
Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) does equal 〈00, 11, 00, 11〉.
Then we can construct 〈G1, G2, G3〉 as follows. Sup-
pose that F3 ∈ SAT, then Q32(F ′1 ∧ H,F ′2, F ′3) = 10
since F ′1 ∧H ∈ SAT, F ′2 ∈ SAT and F ′3 ∈ SAT. Since
10 is not in Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) and M computes
Q32, it follows that F3 ∈ SAT. Thus,

〈F1, F2, F3〉 ∈ BL3 ⇐⇒ F1 ∈ SAT and F2 ∈ SAT.

Therefore, we can define 〈G1, G2, G3〉 as

G1 = TRUE, G2 = F1, and G3 = F2

and be guaranteed that 〈F1, F2, F3〉 ∈ BL3 if and only
if 〈G1, G2, G3〉 ∈ coBL3.

Case 3: It remains possible that for H ∈ SAT,
Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) = 〈00, 11, 00, 11〉 and for
H ∈ SAT, Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) = 〈00, 11, 00, 11〉.
However, if this happens for every H , then we would
have a polynomial time algorithm that determines
whether H ∈ SAT since

H ∈ SAT ⇐⇒
Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) = 〈00, 11, 00, 11〉.

Having a polynomial time algorithm for SAT would
certainly help us reduce BL3 to coBL3. In fact, we can
relax this requirement to the probabilistic case. We
can get a BPP algorithm for SAT as long as for most
〈x1, x2, x3〉, Out(M, 〈x1 ∧H,x2, x3〉) = 〈00, 11, 00, 11〉
if and only if H ∈ SAT.

We are now ready to construct the advice function.
For those who are familiar with the proof techniques
in bounded query complexity, we will use the “advisees
trick” from Amir, Beigel and Gasarch [1, 2]. We will
essentially show that one of the three cases described
above must always happen.

Fix a length n. We will consider only those triples
〈x1, x2, x3〉 such that n = |x1| = |x2| = |x3|. Let
H be a Boolean formula of length n. We say that
〈x1, x2, x3〉 is an advisee of H if either H ∈ SAT
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and Out(M, 〈x′1 ∧H,x′2, x′3〉) = 〈00, 11, 00, 11〉 or H ∈
SAT and Out(M, 〈x′1 ∧H,x′2, x′3〉) = 〈00, 11, 00, 11〉.
As usual, 〈x′1, x′2, x′3〉 denotes the nested version of
〈x1, x2, x3〉. In the construction of the first part of the
advice string for length n, we add to the advice string
the H ’s that have the most number of advisees.

Advice Construction, First Part

1. advice := ε

2. S := {�x | �x = 〈x1, x2, x3〉, |x1| = |x2| = |x3| = n}

3. T := {φ | φ is a Boolean formula of length n}

4. while S has at least 16 elements, repeat Steps 4a
through 4f

a. For each φ ∈ T , let A(φ) be the set of �x ∈ S such
that �x = 〈x1, x2, x3〉 is an advisee of φ.

b. Let H be a Boolean formula of length n such that
|A(H)| is largest.

c. If |A(H)| < 1
4 |S|, halt construction (abnormally).

d. S := S −A(H).

e. T := T − {H}.
f. If H ∈ SAT, add (H, 0) to the advice.

Otherwise, add (H, 1) to the advice.

End of Construction

The while loop in this construction can iterate at
most O(n) times since each time through the loop we
remove at least one quarter of the elements from S.
The construction of the first part of the advice string
can terminate in two ways. When the while loops ter-
minates normally, S contains fewer than 16 triples.
Then, we simply add each triple to the advice string
along with 1 bit indicating whether the triple is in BL3.
We call this the second part of the advice string. We
also add one more bit to the advice string indicating
that the while loop terminated normally.

On the other hand, if the while loop halted abnor-
mally, then ∀H ∈ T and ∀�x ∈ S, let E(�x) denote the
event that Out(M, 〈x′1 ∧H,x′2, x′3〉) = 〈00, 11, 00, 11〉,
where �x = 〈x1, x2, x3〉.

H ∈ SAT =⇒ Prob	x∈S [ E(�x) ] > 3/4. (3)

H ∈ SAT =⇒ Prob	x∈S [ ¬E(�x) ] > 3/4. (4)

If this were not the case, then for some H ∈ T ,
|A(H)| would be at least 1

4 |S| and we would not have
halted the loop abnormally. Thus, we almost have a
BPP algorithm for SAT for instances in T . (Note that
the only H ’s of length n that are not in T have already

been added to the advice string.) The difficulty in con-
verting the implications in (3) and (4) into a BPP algo-
rithm is that the set S might be difficult to compute.
Hence it is not clear how one can effectively choose
an �x randomly from S. However, this difficulty does
not prevent us from amplifying the probabilities by re-
peated trials and siding with the majority. Then, using
Schöning’s proof that BPP ⊆ P/poly [14], we obtain a
polynomially long sequence of triples �x1, . . . , �xm such
that ∀H ∈ T , H ∈ SAT if and only if for a majority of
the �xi = 〈xi1, xi2, xi3〉, Out(M, 〈x′i1 ∧H,x′i2, x′i3〉) =
〈00, 11, 00, 11〉. (A complete proof for the process of
extracting �x1, . . . , �xm is given by Amir, Beigel and
Gasarch [2, Theorem 10.6].) Thus, when the while loop
in the construction of the first part of the advice string
halts abnormally, we add the sequence �x1, . . . , �xm to
the advice string. As before, we call this the second
part of the advice string. This ends the construction
of the advice string.

Finally, we recap how the P/poly reduction h uses
the advice function to reduce BL3 to coBL3.

1. Input 〈F1, F2, F3〉, where |F1| = |F2| = |F3| = n.

2. Let 〈F ′1, F ′2, F ′3〉 be the nested version of 〈F1, F2, F3〉.

3. If Out(M, 〈F ′1, F ′2, F ′3〉) = 〈00, 11, 00, 11〉, then use
Lemma 6 to construct 〈G1, G2, G3〉.

4. Examine the advice string for length n and deter-
mine whether the while loop terminated normally
during the construction of the first part of the ad-
vice string.

5. If the while loop terminated normally:

a. Check whether 〈F1, F2, F3〉 is one of the < 16
triples remaining in S when the loop terminated.
If so, the second part of the advice string states
whether 〈F1, F2, F3〉 ∈ BL3. Then output a triv-
ial 〈G1, G2, G3〉 that is or is not a member of
coBL3 as appropriate.

b. Look for an H ∈ SAT in the first part of the
advice string such that

Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) = 〈00, 11, 00, 11〉.
If such an H ∈ SAT is found, use Lemma 6 to
construct 〈G1, G2, G3〉.

c. If Steps 5a and 5b failed, then by construction,
there must be an H ∈ SAT in the first part of the
advice string such that

Out(M, 〈F ′1 ∧H,F ′2, F ′3〉) = 〈00, 11, 00, 11〉.
In this case, the fact that 10 is not in the possible
output sequence guarantees that F3 ∈ SAT. We
construct 〈G1, G2, G3〉 as discussed previously.
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6. If the while loop terminated abnormally:

a. For each Fj ∈ {F1, F2, F3}, check whether Fj
is equal to some H in the first part of the ad-
vice string. If so, the advice string also indicated
whether Fj ∈ SAT.

b. If the membership of Fj in SAT was not de-
termined in the previous step, then Fj ∈ T
when the while loop terminated. Then, for each
�xi ∈ {�x1, . . . , �xm} from the second part of the
advice string, let �xi = 〈xi1, xi2, xi3〉 and compute
Out(M, 〈x′i1 ∧ Fj , x′i2, x′i3〉), the possible output
sequence. As argued above, Fj ∈ SAT if and only
if for a majority of the �xi’s, the possible output
sequence is 〈00, 11, 00, 11〉.

c. Since we have determined the membership of F1,
F2 and F3 in SAT, we can determine whether
〈F1, F2, F3〉 ∈ BL3. Hence, we can output a triv-
ial 〈G1, G2, G3〉 that is or is not a member of
coBL3 as appropriate. ✷

4. Extensions

The proof of the main theorem can be extended in sev-
eral ways. We omit the full proofs in this version of the
paper. In the first extension, we consider the case of k
serial queries for functions with 2 bits of output.

Theorem 8 For all k ≥ 2,

PFSAT[k]
2 = PFSAT‖[2k−1]

2 =⇒ PH ⊆ ΣP
3 .

Proof Sketch: The proof proceeds in the same fash-
ion as the proof for Theorem 7. We do need to
prove an analog of Lemma 6 for BL2k−1 and PFSAT[k]

1

machines whose sequence of possible outputs is not
〈0, 1, 0, 1, . . . , 0, 1〉. Also, instead of Q32 we will use
a function Q which on input 〈F1, . . . , F2k−1〉 outputs
the 2-bit value ab, where a = 1 ⇐⇒ 〈F1, . . . , F2k−1〉 ∈
BL2k−1 and b = 1 ⇐⇒ 〈F1, . . . , F2k−1〉 ∈ ODDSAT

2k−1.
✷

Corollary 9 For all j ≥ 2 and k ≥ 2,

PFSAT[k]
j = PFSAT‖[2k−1]

j =⇒ PH ⊆ ΣP
3 .

Proof: The corollary follows immediately from Theo-
rem 8 and the observation that for all j ≥ 2,

PFSAT‖[2k−1]
j ⊆ PFSAT[k]

j

=⇒ PFSAT‖[2k−1]
2 ⊆ PFSAT[k]

2 . ✷

In the next extension, we compare PFSAT[k]
2 to

PFSAT‖[�]
2 where 
 < 2k−1. We encounter some compli-

cations when we generalize the proof of the main the-
orem. Consider a PFSAT[3]

2 machine M that computes
Q62, the concatenation of BL6 and ODDSAT

6 . The pos-
sible output sequence of M contains 8 strings. We can
generalize Lemma 6 to show that given a nested input
�F = 〈F1, . . . , F6〉, Out(M, �F ) must contain as a sub-
sequence 〈00, 11, 00, 11, 00, 11, 00〉 (in this case we say
that M(�F ) makes 6 mind changes), otherwise we can
construct �G such that �F ∈ BL6 ⇐⇒ �G ∈ coBL6.
However, M(�F ) has 8 computation paths in its oracle
query tree, so it can make 6 mind changes and output
another value on its 1 remaining computation path.
Nevertheless, if the machine makes 6 mind changes, it
must still be missing either 01 or 10 in its possible out-
put sequence. This is enough for us to extend the proof
of the main theorem and show that

PFSAT‖[6]
2 ⊆ PFSAT[3]

2 =⇒ PH ⊆ ΣP
3 .

In general, we can show that for j ≥ 2 and k ≥ 3,

PFSAT‖[2k−2]
j ⊆ PFSAT[k]

j =⇒ PH ⊆ ΣP
3 .

Note that we already know from bounded query lan-
guage classes (i.e., the 1-bit functions) that

PFSAT[k]
j ⊆ PFSAT‖[2k−2]

j =⇒ PH ⊆ ΣP
3 ,

because

PFSAT[k]
j ⊆ PFSAT‖[2k−2]

j

=⇒ PSAT‖[2k−1] ⊆ PSAT‖[2k−2]

which collapses the Boolean Hierarchy and which in
turn collapses PH.

On the other hand, our techniques fail to show
any consequences to the assumption that PFSAT‖[5]

2 ⊆
PFSAT[3]

2 , because a PFSAT[3]
2 machine can make 5 mind

changes and include all four strings 00, 01, 10 and 11
in its possible output sequence. To compare 3 serial
queries to 5 parallel queries, we need to consider func-
tions with 3 bits of output. Thus, we need to con-
struct a 3-bit function Q53 that is easily computable
by a PFSAT‖[5]

3 machine, but is difficult for PFSAT[3]
3

machines. Here, we point out that the only property
of ODDSAT

3 we needed in the proof of the main theo-
rem is that it agreed with BL3 on nested inputs. In
fact, we could have used an artificially constructed
set that agrees with BL3 on nested inputs and tai-
lor the membership of non-nested inputs according to
the needs of the proof. Since a PFSAT[3]

3 machine that
makes 5 mind changes must include as a subsequence
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〈000, 111, 000, 111, 000, 111〉, it can include at most 4 of
the 8 strings in {0, 1}3 in its possible output sequence.
Again, this is enough for us to show that

PFSAT[3]
3 = PFSAT‖[5]

3 =⇒ PH ⊆ ΣP
3 .

In general, we can show that for j ≥ 3 and k ≥ 3,

PFSAT[k]
j = PFSAT‖[2k−3]

j =⇒ PH ⊆ ΣP
3 .

When we continue to generalize the proof along
these lines and compare PFSAT[k]

r to PFSAT‖[�]
r , we

reach a limiting case because we do not necessarily
win when a PFSAT[k]

r machine fails to include all 2r

strings from {0, 1}r in its possible output sequence.
We only win when this allows us to eliminate a pos-
sible value for χSAT

� (F ′1, . . . , F
′
�). In general, we can

create at most 
 − 1 such situations using our current
techniques. Thus, our most general theorem is:

Theorem 10 For all j, k and 
 such that

1 < j ≤ k < 
 ≤ 2k − 1,

if 2k − (
+ 1) < 2j − 2 and 2k − (
+ 1) < 
− 1, then

PFSAT‖[�]
j ⊆ PFSAT[k]

j =⇒ PH ⊆ ΣP
3 .

5. Conclusion

We have shown that except for the case of functions
with 1-bit output (which are essentially languages),
2k−1 parallel queries to SAT are indeed more powerful
than k serial queries to SAT for functions with limited
output bits unless the Polynomial Hierarchy collapses.
These results clarify some of the issues remaining from
previous work on bounded query functions with unlim-
ited output bits [1, 2, 7, 11].

There are still many open questions about parallel
versus serial queries to SAT for functions with limited
output. For example, our techniques do not show any
drastic consequences to the assumption that

PFSAT‖[5]
2 ⊆ PFSAT[3]

2 .

Although we would conjecture that some two-bit func-
tion computable by PFSAT‖[5]

2 cannot be computed by
a PFSAT[3]

2 machine. Similarly we do not know how to
handle the case where

PFSAT‖[4]
3 ⊆ PFSAT[3]

3 .

New proof techniques are needed. In particular, we
need techniques that avoid the use of the enumerabil-
ity argument even more than we have managed in this
paper.
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